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Abstract

In order to realize the analytical modeling of a planar multi-linkage mechanism, a six-bar linkage planar mechanism is taken as
an example, the kinematic model of the six-bar linkage mechanism is established by complex number vector method, the
dynamic model is established by Lagrange Method, the kinematic state and force state of mechanism are analyzed. Firstly, the
model of displacement, velocity and acceleration of the six-bar mechanism are deduced by resolution method. Secondly, the
dynamic model of six-bar mechanism is established by Lagrange Method. Finally, combined with examples, numerical
verification and virtual simulation verification of the results of slider position, slider velocity, slider acceleration, and driving
torque are all carried out. The research can not only provide theoretical basis for analytical modeling and solution of kinematic
analysis, force analysis and structure design of the six-bar mechanism, but also suggest a way of thinking about analytical

modeling for other multi-link mechanism.
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1. Introduction

Compared with the slider-crank mechanism, the multi-link
mechanism has the advantages of high controllability, high
precision, high efficiency, low noise, small vibration, long
service life, energy saving and environmental protection.
The multi-link mechanism can realize the forming
technology that the slider-crank mechanism cannot achieve,
and meet the requirements of a variety of stamping
operation. Therefore, now the multi-link mechanism has

received much attention from industrial circle and scholars
[1-3]

The kinematics and forces analysis of multi-link
mechanism, which is the foundation of study on stiffness
and control system design “®, provides an important
theoretical basis for structure design of the mechanism. Up
to now, domestic and overseas scholars have done a large
number of researches on multi-link mechanism and
achieved a series of research results in these areas [62%, such
as the configuration selection, mechanism design, forming
technology, task characteristics and virtual prototype
simulation. However, there have been few efforts made
oriented to analytical modeling which contains kinematic
model, Kinetostatics model and dynamic model at the same
time. Then the kinematic and force analysis have not been
sufficiently considered. To meet the needs of the analysis
and design of the modern high precision multi-link
mechanism and promote its development and application,
there is an urgent task to carry out the research on analytical
modeling. This paper takes a six-bar mechanism as an
example, the analytical models of the mechanism are
established, and kinematics and force analysis of the
mechanism is carried out. By numerical computation and
virtual prototype simulation, the correctness of the
analytical models is verified.

2. Kinematics model of the six-bar planar mechanism
2.1 Architectural feature of the six-bar mechanism
As shown in figure 1, this six-bar mechanism includes a

frame 1, a crank 2, a linkage 3, a rocking-bar 4, a linkage 5
and a slider 6. The crank 2 and the rocking-bar 4 are
respectively connected with a machine frame through a
revolute joint, crank 2 is connected with servo motor and
driven by the motor, the linkage 3 is connected with the
crank 2 through a revolute joint, linkage 3, rocking-bar 4
and linkage 5 are connected in the same place by revolute
joints, the end of the linkage 5 is connected with the slider 6
through a revolute joint, the slider 6 is in the fixed guide
rail, so the slider 6 can move only in the vertical direction.
This six-bar mechanism, which can be used as a press
machine for large-scale industrial production or a teaching
press prototype, is developed by our laboratory. The degree
of freedom of the mechanism is 1, and the motion of the
mechanism can be driven by the crank 2. The structure chart
of six-link mechanical press is shown in figure 2.

Fig 1: Schematic diagram of six-bar mechanism
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Fig 2: Structure chart of six-link mechanical press

2.2 Displacement model of the mechanism

Fig 3: Kinematic analysis diagram of six-bar mechanism

As shown in figure 3, the length of the crank 2 of the six-bar
mechanism is expressed as L=, the vector of the crank 2 is

-

expressed as 'z, the vector angle, which is measured
between the vector of the rod and the positive direction of
the X axis along the counter clockwise direction, is

expressed as % The rest members of the mechanism are
expressed as the same way. Since the vector of the members

N

can form a closed polygon, such as L bt L and

>

L L__L. S the sum of two vectors in a closed
polygon must be equal to each other. Then the equation set
can be written as

L =L,+L,
L+L+S, =L, )

Equation (1) is the closed vector position equation of the
six-bar mechanism model. In this model, the motion law of
the crank 2 and the length of each member are known.

Therefore, three unknown direction angles %, . % and

the displacement of the slider S can be obtained by
equation (1). The equation (1) can be written in polar form
as

L™ +Le" =L e% +L,¢"
L. A
Le™ +Le" +5,e% = L% ?

Putting Euler's formula €’ =cosé+isiné into the equation (2),
we can obtain

L,cosd, +L,cosd, =L, cosd, +L,coso,

L,sing, +L,sing, =L, sing, +L,sing,

L,cosd, + L cosd, =0

L,sing, +Lsing,+S, =L, ©)
From the equation (3), we can get

L, + L5 + L —2L,,L, cos(6, - 6,) + (2L, L, cos 6, —
2L,L, cosd,)cosd, +(2L,,L,sin 6, —2L,L,sind,)sing, = L5 @)

Equation (4) can be simplified as
Asing, +Bcosf,+C =0 5)
Where, A=2L,L,cos6, -2L,L,cosé,
B=2L,L,sing, -2L,L,siné6,
C=L,+L+L-L~-2L,L,cos(6,-6,)

By applying trigonometric function formula, the equation
(5) can be transformed into

2Asinicosi+ B[cos2 i—sin2 &)+C(sinz &+cosz &] =0
2 2 2 2 2 2

(6)
From the equation (6), we can obtain
(B—C)tanzi—ZAtani—(B+C):0
2 2 )
Therefore, =% and % are expressed as
an % _ AN 4B -C
2 B-C (8)
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A-A2+B?-C?

B-C ©)

0, = 2arctan

Taking % into equation (3), 0 % and Ss can be given by

( L,cosé, +L,cosd,—L,cosd, j
6, = arccos
- (10)
6, = arccos [Losg“j
. (11)
S;=L,—-L,sing, —L,sing, (12)

2.3 Velocity model of the mechanism

Taking one derivative of equation (3) with respect to time
the velocity model of the six-bar mechanism can be written
as

-o,L,sin6, +o,L,sin6, =w,L,sinb,
w,L, cosd, —w,L, cosd, =-m,L, cosb,
-o,L,sinf, -a,L sing, =0

o,L, cos6, + oL, cosg, +V, =0

(13)
From equation (13), we can obtain
Lw,sin(6,-6,)=La,sin(6,-6,) (14)
So “ can be given by
_Lao,sin(6,-6,)
: Lssm(gs_&zt) (15)

Taking equation (15) into equation (13),” “ and Ve can be
written as

_ Lo,sin (02 _93)

o L,sin(6,-6,) (16)
—L,0,5INn0,
oy = —————
L, sin &, (17)

V, =-L,0,c086, - Lio,C0s 6, (18)

2.4 Acceleration model of the mechanism

Taking the second derivative of formula (3) with respect to
time the acceleration model of the six-bar mechanism can
be expressed as

-Lo/ cos, - L, sing, - Lo, cos6, - L,a, sinf, =-L,o," cosd, - L,a,sin6,
-Lw) sin6, + L, cos6, - Lo, sind, + L,a, cos6, =L, sin6, + La, cosf,
-L/ c0s6, - La,sin6, - Lo, cos6, - e, sin6, =0

-L/sing, +L,a,cos6, - Lo, sing, + La, cosf), +a, =0 (19)

Solving the equation (19), we can obtain

~[ L} cos(6,-6,) + e, cos(6,-6,) - Lo} |
ay = -
Lsin(6,-0,) (20)

[ L@} cos(6,-6,) + Lo} cos(6,-6,) - L) |
a, =

! L,sin(6,-6,) (21)
e -L,0} cosd, - La,sing, - L’ cos,
’ |_5 sin (95 (22)

a, = L, sin g, - L,a,c0s6, + Lo’ sin 6, - L,ar,c086), 23)

3 Dynamics model of the six-bar mechanism

3.1 Generalized coordinates of the six-bar mechanism

From figure 10, crank 2 is the driving link in the single
degree of freedom six-bar mechanism. When the angular
displacement of crank 2 is determined, the position of the
whole mechanism is also determined, and thus, the angular
displacement of the crank can be taken as the generalized

coordinates, that is 9= 2.

Fig 10: Dynamics analysis diagram of six-bar mechanism

The Lagrange formula for a single degree of freedom
system is expressed as

d(oE) E U
A

dlog) 0 o " (24)

Where , E. U Q. U are the kinetic energy, potential

energy, generalized force and generalized coordinates of the
system, respectively.

In order to apply the formula (24) to establish the dynamic
model of the system, the system's kinetic energy, potential
energy and generalized force should be listed first.

3.2 The Lagrange dynamic equation of the six-bar
mechanism

3.2.1 Kinetic energy of the six-bar mechanism

To calculate the kinetic energy of the mechanism, we must
know the angular velocity and the velocity of the center of
mass of each member. By kinematic analysis of the
mechanism, we can get

6 =6,(a)
X5 = X5 (a)
Ysi = Ysi(Q) (25)

Where & is the angular displacement of component! % and

10
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Ysi are the coordinates of the centroid of the component in
the X axisand Y axis.
Taking derivative of equation (25) with respect to time, the

angular velocity 6 of the component! | the speed of

centroid Xsi in the X axis and Vs in the y axis can be
obtained as

. 06,(q) .
0, = —6q q

_oxg(q) |
XSi - aq q
%@,

& (26)

Si

Where®, 9 is the generalized coordinates and velocity,
respectively

The velocity of the center of mass

Vg = \ XSiZ + y5i2 (27)

The Kkinetic energy of the six-bar mechanism can be
expressed as

Si can be given by

1 .
E=Zi6:25(mivsi2+‘]i9i2) 28)

Taking equation (26), (27) into equation (28), we can obtain

e 8 R ST S

From equation (29), the kinetic energy of the system can be
expressed as

2 (30)

is a function of 9, and is uncorrelated with 9. In other
words, the equivalent moment of inertia is related to the size
of the mechanism, the moment of inertia of each member

and the position 9 of the mechanism. And the “ is always a
positive number.

3.2.2 Potential energy of the six-bar mechanism

The zero potential energy position is located at the origin of
the coordinate (see figure 9), the positive direction of the X
axis is the direction of gravity, the potential energy of the
system is written as

U= —M, g%s, —M,GX, —M, g, — My OXs; — megl_ucosen (31)

3.2.3 Generalized force of the six-bar mechanism

The generalized force can be determined according to the
virtual work principle. For a single degree of freedom six-
bar mechanism, the relationship between the virtual work
ow of active force and the generalized virtual displacement
can be given by

oW =Qsq (32)

Where the coefficient Q in front of generalized virtual
displacement is generalized force.

For the single degree of freedom six-bar mechanism,
according to the virtual work principle, we can get

{a(Lu _So) :|
oW =Qdq=M,6q-Q,| ——=4q
i (33)
Where, @ is the load applied to the slider.
From the equation (33), the generalized force of the system
is given by
s,
- (34)

Q=M,+Q,

Where, M: is the torque of the motor acting on the crank, %
is the displacement of the slider

3.2.4 Motion differential equation of the six-bar
mechanism
Taking derivative of equation (30) with respect to 9 and 4
respectively, we can get

OE _ 1.2

e

q
oq 2 oq (35)
OE
7:\] 0
aq :
S (04)=3,BpqRl_y N, o2
dt dt oq dt dt oq (36)

According to the equation (31), we can get
ﬁ*uﬁng%—ng%-m%-msg%—mbgiakfow“
o ‘ N a (37)
The dynamic equation of the novel six-bar mechanism is
expressed as

13+: 2.8 g
200 0oq (38)

4. Example of kinematic and force analysis of six-bar
mechanism

4.1 System parameters of the six-bar mechanism

System parameters of the six-bar mechanism are shown in
table 1.

11
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Table 1: System parameters of the six-bar mechanism

Design parameters

parameter values

Distance between rotation center of crank 2 and rotation|

434
center of rocking-bar 4 /™"
Distance from frames to bottom dead centre of the
. L/ 650
sliding block 6 =

Length of the crank 2 /™" 202

Length of the linkage 3 /™ 540

Length of the rocking-bar 4 /™" 250

Length of the linkage 5 5/™ 400

Inclination angle of the frame 0,10) 1
Initial angle of crank 2 %/ 160.24
Quality of the crank 2 ™ /9 0.037

Rotational speed of the crank 2 ©:/C/9 120

Quality of the linkage 3 ™ /*9 0.213

Quality of the rocking-bar 4 ™ /% 0.100

Quality of the linkage 5 ™ /9 0.158

Quality of the sliding block 6 ™ /%9 0.139
Rotational inertia of the linkage 3 = ta/m) 5.27x10°
Rotational inertia of the rocking-bar 4« (a/m) 5.42x10"
Rotational inertia of the linkage 5 7 (a/m) 2.17x10°

4.2 Example of kinematic analysis

When the crank 2 of six-bar mechanism runs three cycles,
the numerical calculation of the displacement of the slider
by Matlab and the virtual prototype simulation of the
displacement of the slider by ADAMS are shown in figure

Matlab and the virtual prototype simulation of the velocity
of the slider by ADAMS are shown in figure 12, the
numerical calculation of the acceleration of the slider by
prototype simulation of the
acceleration of the slider by ADAMS are shown in figure

Matlab and the virtual

11, the numerical calculation of the velocity of the slider by 13.
018 0.18
0.15 = 0.15

]
]
Eo0a2t E 012
£ 0.09 gV
9 @
s o
Z 006! & 006+
50.06 3
0O ]
o3l 0.03
A - \ %4 2 3 4 5 6 7 8 9
0 1 2 3 4 5 6 7 8 9

Time (sec)

Time (sec)

(a) Numerical calculation result by Matlab

(b) Virtual simulation result by ADAMS

Fig 11: The displacement of six-bar mechanism’s slider
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(a) Numerical calculation result by Matlab

(b) Virtual simulation result by ADAMS

Fig 12: The velocity of six-bar mechanism’s slider
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(a) Numerical calculation result by Matlab

(b) Virtual simulation result by ADAMS

Fig 13: The acceleration of six-bar mechanism’s slider

From figure 11 to figure 13, the trend and the peak value of
the displacement curves, velocity curves, and acceleration
curves are basically similar; the maximum error of the
displacement, which occurs in 1.63s, is 0.0002m; the
maximum error of the velocity, which occurs in 1.21s, is
0.0001m/s; the maximum error of the acceleration, which
occurs in 1.71s, is 0.0001m/s.

4.3 Example of dynamics analysis

When the slider 6 of six-bar mechanism moves with no-

load, that is R _O, The numerical calculation of the
driving torque of the crank by Matlab and the virtual
prototype simulation of the driving torque of the crank by
ADAMS are shown in figure 19. When the slider 6 of six-

bar mechanism runs with load, that is F :100kN, The

numerical calculation of the driving torque of the crank by
Matlab and the virtual prototype simulation of the driving
torque of the crank by ADAMS are shown in figure 20.

0.5
0.251
E
*
Z 0.07
N
=
-0.25+
05 . . . . . : . :
0 1 2 3 4 5 6 7 8
Time (sec)

0.50
0.25
3
*
Z 0.00
(8]
=
-0.25
-0.50
0 1 2 3 4 5 6 7 8 9
Time (sec)

(a) Numerical calculation result by Matlab

(b) Virtual simulation result by ADAMS

Fig 19: The driving torque of six-bar mechanism when the slider with no load
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(a) Numerical calculation result by Matlab

(b) Virtual simulation result by ADAMS

Fig 20: The driving torque of six-bar mechanism when the slider with load

From figure 19 to figure 20, the numerical calculation
results obtained by Matlab is almost completely consistent

with the virtual simulation results obtained by ADAMS;
When the slider 6 of six-bar mechanism runs with load, the

13
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maximum error of the driving torque, which occurs in 2.0s,
is 1.018Nm; When the slider 6 of six-bar mechanism runs
with no-load, the maximum error of the driving torque,
which occurs in 1.25s, is 0.0254Nm.

5. Conclusion

1. The kinematic model of a six-bar linkage mechanism is
established by using the complex vector method, the
kinematic analysis including slider position, slider
velocity, slider acceleration is realized and verified.

2. The dynamic model of the six-bar mechanism is
established by using the Lagrange Method. The driving
torque on crank is solved out and verified.

3. This study provide theoretical basis for kinematic
analysis, force analysis and structure design of the six-
bar mechanism, and suggest a way of analytical
modeling for other multi-link mechanism.
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